In this communication, a numerical analysis regarding free vibration of thick laminated circular plates, having free, clamped as well as simply-supported boundary conditions at outer edges of plates is presented. The employment of finite element is made in this communication. The finite element methodology operates on the basis of three-dimensional theory of elasticity and was employed to assess the natural frequencies for laminated circular plates of various thickness-to-outer radius ratios. The first five natural modes of flexural vibrations for different boundary conditions are presented in pictorial forms. Verification of the accuracy of the results was made using the necessary convergence analysis and checked using literature results.
Introduction
Laminated circular plates are commonly used structural component having a broad application in aerospace, civil, mechanical, nuclear, electronic as well as marine engineering. An essential prerequisite in designing and performance assessment of mechanical systems is understanding the free vibration behavior of different plate components. The dynamic response of complex engineering systems is intimately linked with plate response frequencies as well as vibration mode shapes. A thorough analysis of free vibration data is often useful in arriving at the resonant behavior and fatigue stress estimation at vulnerable machine locations. A comprehensive survey of early investigation on free vibration studies of circular plates carried out by Leissa (1969) as well as Liew et al. (1995) noted that classical thin plate theory (CTPT) and Mindlin plate theory were majorly applied by investigators. It is understood that CTPT, which ignores the influences of transverse shear deformation as well as normal strain, overestimate the vibration frequencies and error increases with plate thickness. However, various shear deformation as well as higher-order theories which include the shear deformation and normal strain, have been proposed in the computations concerning thick plates during the past few decades. Rao and Prasad (1975) analysed the natural vibrations of annular plates considering the influences of shear deformation as well as rotatory inertia. Irie et al. (1982) presented the vibration characteristics of Mindlin annular plates in nine groupings of free, simply supported and clamp boundary condition of inner and outer edge conditions using Bessel function.
Also, , Wu et al.(2002) , Han and Liew (1999) and Wang (2004) discussed the free vibration of circular, annular and sector plates employing differential quadrature method based on the classical thin plate theory or Mindlin plate theory. Lin and Tseng (1998) studied the free vibration characteristics of polar orthotropic laminated circular and annular plates by using a finite element method having first order shear deformation theory. Hosseini- Hashemi et al. (2010) provided an precise closed-form frequency equation for thick circular plates using a third-order shear deformation theory. Hosseini- Hashemi et al. (2012) presented an precise closed-form solution for free flexural vibration of thick laminated circular plates with an attached rigid core using the first-order shear deformation theory. Senjanovic (2014) utilised the modified Mindlin theory to examine the free vibration of thick circular plates. Sharma (2014) investigated the free vibration problem involving averagely thick antisymmetric laminated annular sector plates having edge-supports that are elastic established on first order shear deformation theory using the differential quadrature method. Powmya and Narasimhan (2015) studied the free vibration behavior of polar orthotropic circular as well as annular plates by Chebyshev collocation technique based on first order shear deformation theory.
The analysis of relatively thick plates is a challenging task. Most two -dimensional theories, if applied for the analysis of such thick plates, result in significant errors due to their inherent limitations. Such theories are almost always based on some simplifying assumptions and consequently offer a great deal of convenience in analysis. The expressions, thus obtained are simple in nature and easy to work with but are likely to be error prone in some cases. A three dimensional analysis, though more complicated, succeeds in getting rid of these errors to a considerable extent and goes far beyond a typical two -dimensional analysis in terms of utility, accuracy and extractable information. The three -dimensional research endeavors listed in literature are relatively few and the reasons are pretty understandable. So and Leissa (1998) , Zhou et al. (2003) , Kang and Liessa (1998) , Yang (1999,2000) and Kang (2003) presented the three-dimensional method of analysis for free vibration of circular as well as annular plates employing Ritz method. Liu and Lee (2000) employed the finite element method to investigate three-dimensional vibrations of thick circular and annular plates. analysed the three-dimensional free vibration analysis of thick fuctionally graded annular plates influenced by the thermal environment .The three-dimensional analyses of circular and annular plates resting on Pasternak elastic foundation and Winkler foundation studied by Liew et al.(1996) , Zhou et al. (2006) , Hashemi et al. (2008) . Houmat (2004) investigated the free vibration of annular sector plates employing finite element scheme. Komur et.al (2010) has conducted a buckling analysis for laminated composite plates having an elliptical/circular hole centered in the plate using finite element method (FEM) using ANSYS finite element software. Chen and Ren (1998) studied the transverse vibration of thin circular and annular plates with variable thickness using finite element method. Liang et al. (2007) used three-node annular finite elements to compute the natural frequencies of circular annular plates of polar orthotropy and non-uniform thickness. Ranjan and Ghosh (2009) studied the free and forced Transverse vibration behavior of a thin spinning disk having distributed patch attached to it as well as discrete point masses at the peripheryof plate using finite element analysis. analysed a three-dimensional elasticity solution system, which addressed the free vibration analysis of thick-laminated circular and annular plates, which rested on two-parameter elastic foundation. In this paper the effects of different fiber orientation angle, thickness to radii ratio, with free, clamped and simply-supported boundary conditions of plates on the free vibration responses are discussed in detail using finite element scheme, with roots in three-dimensional theory of elasticity. Verification of accuracy as well as the numerical reliability was made using standard convergence principles while the study was compared with those existing in literature.
The basic formulations
Consider a thick, laminated annular plate having inner radius R 1 , outer radius R 2 , total thickness h and fiber orientation angle β. An orthogonal cylindrical coordinates (r, θ, z) are used as depicted in Figure 1 , where u, v and w denotes the displacement of any point of the plate in the r, θ and z direction, respectively. 
where n and t represent the wave numbers (circumferential) as well as time, respectively. The displacements are afterwards used in the strain-displacement associations while the strains are consequently stated with respect to displacements. The stress-strain expressions sequentially direct to stresses that are as well stated with respect to displacements (Liu and Lee , 2000) .
The constitutive relations representing that of arbitrary lamina for annular plate may be stated as, 
where [ ] C is the material stiffness matrix . The Hamilton's principle is required for the modeling of vibrating plates using finite element (Liu and Lee, 2000) : σ δε σ δε σ δε τ δε τ δε τ δε δ δ δ
here, u 
The eigenvalue λ represents the square of vibration frequency ω and eigenvector { }
x denotes the corresponding mode shape.
Material and methods
A finite element analysis was made for obtaining the first five natural frequencies using three-dimensional 'SOLID185' of ANSYS. In addition, SOLID185 Structural Solid is appropriate for modeling common 3-D solid structures. As demonstrated in figure 2 , the element contains eight nodes with three degrees of freedom at each node: translations in the nodal x, y, and z directions. (ANSYS Inc., 2009). The Block-Lanczos algorithm is utilised in free vibration analysis of thick laminated circular plates ( Figure 3 ). Table 1 . 
Figure 2 Eight noded SOLID185 element

Results and Discussion
The current investigation was primarily validated via performing convergence study of non-dimensional frequency parameter Ω indicates the number of nodal diameters n, in the s th mode of vibration. The rate of convergence of the first five frequency parameters for isotropic circular plates with clamped , simply supported and free boundary conditions are presented in Table 2 -4, for thickness-radius ratios varying from 0.1 to 0.5 in step of 0.1. It can be seen from that N=15, is sufficient to obtain satisfactory convergence for first five frequency parameters. Irie et al. (1982) b Liew and Yang (1999) c Hosseini-Hashemi et al. (2010) The comparison studies are also carried out here in Table 5 , for circular plate with different boundary conditions, in order to examine the discrepancies between the present finite element solution and Mindlin plate solution (Irie et al., 1982) , 3-D Ritz solution (Liew and Yang, 1999 ) and Reddy's third-order plate theory solution (Hosseini-Hashemi et al., 2010) . The comparisons show good agreement with most of differences being less than 2%.
On the basis of above verification of the current approach, results of convergence behavior of the first five frequency parameters Table 6 -8. It can be seen that N=15, is sufficient to obtain satisfactory convergence for first five frequency parameters of glass/epoxy laminated circular plates. It is seen that the first axisymmetric flexural mode (0, 0), is found to be lowest fundamental mode except when the boundaries of the circular plates are free, for which it is found corresponding to mode type (2, 0). Table 9 shows the effect of varying fiber angle β and thickness-radius ratios h/R 2 on frequency
, for glass/epoxy laminated circular plate with clamped boundary condition. It is observed that increasing the fiber orientation angle from 0° to 90° decreases the frequency parameters. This effect is larger as the thicknessradius ratios increases. The frequency parameters is observed to be maximum at fiber angle β = 0°.The differences of fundamental frequencies between fiber angle 0° and 90° are approximately 22.58%,23.44%,24.24%,24.83%,and 27.65% for h/R 2 =0.1,0.2,0.3,0.4 and 0.5 respectively. As seen, as the thickness-radius ratios increases, the differences of fundamental frequencies increased. Table 10 shows the effect of varying fiber angle β and thickness-radius ratios h/R 2 on frequency
, for glass/epoxy laminated circular plate with simply supported boundary condition. The fundamental frequency parameters are observed to be maximum at fiber angle β = 0°. It is also observed that with an increase in fiber angle from 0° to 90°, it increases monotonically for thickness to radius ratio h/R 2 =0.1 and it decrease for the fiber angle 0° to 15°, 0° to 30°, 0° to 45° and 0° to 60°, for thickness-radius ratios h/R 2 =0.2,0.3,0.4 and 0.5 respectively and increases it afterward.
The differences of fundamental frequencies between fiber angle 0° and 90° are approximately 13.59%, 10.53%, 6.55%, 2.49%, and 1.22% for h/R 2 =0.1,0.2,0.3,0.4 and 0.5 respectively. As seen, as the thickness-radius ratios increases, the differences of fundamental frequencies decreases. The second (1, 0) and fourth (0, 1) frequency parameters decreases with an increase in fiber orientation angle from 0° to 90°. For thickness to radius ratios 0.1 and 0.2, third (2, 0) frequency parameters first decreases and then increases a little bit and then again deceases as the fiber angle increases. The fifth (3, 0) frequency parameters first increases and then, again decreases as the fiber angle increased. Table 11 shows the effect of varying fiber angle β and thickness-radius ratios h/R 2 on frequency
, for glass/epoxy laminated circular plate with free boundary condition. It is observed increasing the fiber orientation angle from 0° to 90° increases the frequency parameters. The fundamental frequency parameters (2, 0) are observed to be maximum at fiber angle β = 90°. The differences of fundamental frequencies between fiber angle 0° and 90° are approximately 14.10%, 14.13%, 4.01%, 13.87%, and 13.67% for h/R 2 =0.1, 0.2, 0.3, 0.4 and 0.5 respectively. As seen, as the thickness-radius ratios increases, the differences of fundamental frequencies decreases. The second (0, 0) frequency parameters increase as the fiber orientation angle increases from 0° to 90°, for thickness-radius ratios h/R 2 =0.1 and 0.2 whereas, for h/R 2 =0.3, 0.4 and 0.5, it first decreased and then increases as the fiber orientation angle increases from 0° to 90.
It is noticed that the behavior of third (3, 0) frequency parameters remains the same as that of the fundamental frequency parameters, i.e. the frequencies parameters increases as the fiber orientation angle increases from 0° to 90°. The fourth (4,0) and fifth (1,0) frequency parameters first decreased and then again, increases as the fiber orientation angle increases from 0° to 90°.
Also, the first five natural modes, for the glass/epoxy laminated circular plates with clamp, simply supported and free boundary condition are shown in figure 4-6. 
Conclusions
In this paper, a three-dimensional finite element analysis is employed for the free vibration of thick laminated composite circular plates with clamp, simply supported and free boundary condition. The effect of fiber orientation angle, thickness-radius ratios and boundary conditions on the convergence behavior was fully investigated. After comparing the present solution with the threedimensional Ritz solution, two-dimensional Mindlin plate solution and Reddy's third-order plate theory solution in the literature, free vibration behavior of thick laminated composite circular plates with various thickness-radius ratios was investigated. Also, first five vibration modes for different boundary conditions are shown in pictorial forms. For clamped laminated composite circular plates, fundamental frequency parameters are observed to be maximum at fiber angle β= 0°. The fundamental frequency parameters for both simply supported and free laminated circular plate, however, is observed to be maximum at fiber angle β= 90°. These results should be a valuable alternative for validating new computational techniques in future, due to the accuracy, simplicity and versatility of the present analysis. 
